We give formulae for di erent types of contact distribution functions for stationary (not necessarily Poisson) Voronoi tessellations in R d in terms of the Palm void probabilities of the generating point process.
Introduction and Results
at the end of the paper. A cell C i ( ) of a Voronoi tessellation (brie y VT) V ( ) w.r.t. the non-random countable support fx i : i 0g (called nuclei) of the locally nite counting measure = P i 0 x i is de ned to be the set of all points in R d which are closest to the nucleus x i , i.e. C i ( ) = fx 2 R d : kx ? x i k < kx ? x j k; j 6 = ig : (1.2) By the construction of V ( ) = fC i ( ); i 0g all cells are d?polytopes and (1.1) is P? a.s. satis ed. For convenience, let x 0 ( ) denote that (unique) atom of nearest to the origin and let C 0 ( ) be the Voronoi cell that contains o and x 0 ( ).
It should be mentioned that some authors use the term VT V ( ) merely relative to a stationary Poisson point process which will be called here Poisson-VT. For further details and the historical background the reader is referred to Miles 15] The countable point set h(#)\@V ( ) = fY j (#); j 2 f:::; ?1; 0; 1; :::gg de nes a stationary simple (one-dimensional) point process (#) = P 1 j=?1 Y j (#) and the atoms of which are assumed lexikogra cally ordered ( ) such that Y j?1 (#) Y j (#) and h(#) \ @C 0 ( ) = fY ?1 (#); Y 0 (#)g.
The distribution function ( brie y DF) P(kY 0 (#)k r) coincides with the linear contact DF H l(#) (r) = P(@C 0 ( ) \ r l(#) 6 = ;) ; r 0 ; where l(#) = fus(#) : 0 u 1g. On the other hand, the DF L # (x) of the length of the "typical" chord is de ned to be the probability of the event fkY j (#) ? Y j?1 (#)k xg for a "randomly chosen" index j. From the theory of point processes on the real line it is well-known that H l(#) and L # are linked by the relationship
where L(#) = R 1 0 (1 ? L # (x))dx is the mean chord length in direction s(#).
By the simplicity of the point process (#), Korolyuk's theorem (see Daley and Vere -Jones 2], p. 45 ) reveals that its intensity (#) coincides with the limit (r) r :
(1.5)
The main goal of the present paper is to derive formulae for various types of contact DF's (including the linear contact DF) and the mean chord length of a stationary VT in terms of the one-and two-point Palm distribution of the generating stationary point process.
The paper is organized as follows. Next in this section we formulate the main results and give some corollaries concerning special VT's. The results on contact DF's of stationary VT's are proved in Section 2. Section 3 gives the proof of the mean chord lenght formula stated in Theorem 2. As mentioned above Section 4 contains some de nitions and results on point processes to facilitate the reading of the paper. The expression for the mean chord length in Theorem 2 can be further simpli ed by using the isotropy of the point process which in turn implies the invariance of the term In the remaining part of this section we sketch the application of the above results to some special non-Poisson VT's. For the sake of brevity, we only give the Palm void probabilities and the shape of (1.6) for three types of point processes. Both of the following two point processes are Poisson cluster processes generated by a stationary Poisson cluster centre process having intensity c and an a.s. nite typical cluster, see 2]. We give a closed form expression for the desired one -and two point Palm probabilities in terms of the characteristics de ning the distribution of the typical cluster. These formulae can be deduced from the representation of the n?point Palm distribution of a general Poisson cluster process proved in Heinrich 8 ].
Gauss -Poisson process
The typical cluster of this Poisson cluster process contains either only the cluster centre (with probability 1 ? p) or an additional second point (with probability p) which possesses a density q(x), for details see 2], p. 247. 
There are further "Poisson-based" point processes such as Cox processes and certain dependently thinned Poisson processes for which the above Palm probabilities are available at least in principle.
Example. Mean chord length of a planar Gauss -Poisson -Voronoi tessellation Let = P i:i 0 X i be a Gauss -Poisson process in R 2 as de ned above with the density q(x) = 1 b(o;R) (x)= R 2 , i.e. the second point around the cluster centre is uniformly distributed on the disc b(o; R) ; R > 0 . From the above formula of the two-point Palm void probability for this particular Gauss-Poisson process we are able to derive the subsequent expression for the reciprocal value of the mean chord length L( c ; p; R) of the corresponding Voronoi tessellation. where s = (0; 1) .
Letting R " 1 resp. R # 0 yields 
Contact distribution of a stationary Voronoi tessellation
To C(x; ; t) = C(x; ; t B ( )) ; (2.5) where the "cap" C(x; ; t) is de ned by C(x; ; t) = b(x ? ts( ); kx ? ts( )k) n b(x; kxk). But 
Proof of Theorem 2
Let s denote the unit vector s((0; : : :; 0)) = (0; : : :; 0; 1). The latter equality is easily seen from (1.3). The projection of the "cap" S( ; r; ) onto the (x 1 ; x d )? plane is illustrated in Figure 2 .
Further notice that, in analogy to Proposition 1, the existence of the product density (2) Since the two-point (reduced) Palm distribution P ! x;y coincides with the iterated Palm distribution (P ! x ) ! y , see Hanisch 5] or Kallenberg 13] , we nd by applying the corresponding "re ned"
Campbell theorem (w.r.t. P ! x with x = s( )) that For better understanding of this formula we recall the fact that (2) ((:) ? x) is the Lebesgue density (intensity function) of the intensity measure w.r.t. P ! x . Since P is assumed isotropic, (2) (z) equals g(kzk), where g(:) denotes the corresponding pair correlation function. Next we represent the set S( ; r; ) by spherical coordinates. Here and in what follows we assume that d 3. In the planar case the rst integral stretches over ? ; ] and the following steps remain valid with obvious changes. By means of the estimates (3.6) and (3.7) it can be shown that the limit lim r#0 F(# ; ; r)=r (if it exists) remains the same if we omit the remainder terms c 1 (r) and c 2 (r) in the above integral expression of F(# ; ; r). Finally, divide both sides of (3.5) by r and let r # 0. Changing integration and passage to the limit and inserting the latter expression of the limit lim r#0 F(# ; ; r)=r into the integral on the rhs of (3.5), we obtain the asserted relation of Theorem 2. This completes the proof of The so-called reduced second moment measure (2) red (:) characterizes completely the secondorder behaviour of P, as does its product density (2) (x) = lim "!0 (2) red (b(x; "))=! d " d when the latter limit exists almost everywhere. In the isotropic case, (2) w.r.t. the second-order factorial moment measure (2) . These regular conditional distributions were systematically studied by Kallenberg 13] These properties imply that P ! o = P = P ! x;y for x; y 2 R d , (2) red (:) = j : j ; g(r) = 1 for r 0 :
For some particular point process models it is indeed possible to derive tractable expressions of the multi-point Palm distributions, see Heinrich 8] for Poisson cluster processes.
